In this paper, we show that for all v ≡ 1 (mod 3), there exists a supersimple (v, 4, 2) directed design. Also, we show that for these parameters there exists a super-simple (v, 4, 2) directed design whose each defining set has at least a half of the blocks.
Introduction and preliminaries
A t − (v, k, λ) design with parameters v, k, λ is a pair (X, B) where X is a set of v elements, and B is a family of k−subsets of distinct elements of X, called blocks, with the property that every t-tuple of distinct elements occurs in exactly λ blocks. The problem of evaluation v such that there exists a t − (v, k, λ) design for a specific k, λ is one of the most important problems in combinatorics.
Some generalizations has been introduced for the concept of designs. Gronau and Mullin [12] for the first time, introduced a new definition of block designs called super-simple block designs. A super-simple t − (v, k, λ) design is a block design such that any two blocks of the design intersect in at most t points. A simple block design is a block design such that it has no repeated blocks. The existence of super-simple (v, 4, λ) designs have been characterized for 2 ≤ λ ≤ 9 except λ = 7, see [1, 2, 3, 4, 6, 12, 17] . Also, the existence of super-simple (v, 5, λ) designs have been characterized for 2 ≤ λ ≤ 5, see [5, 7, 8, 9] .
A t − (v, k, λ) directed design is a pair (X, B), where X is a v-set, B is a collection of ordered k-tuples of distinct elements of X (called blocks) such that each ordered t-tuples of distinct elements of X appears in exactly λ blocks. By t − (v, k, λ)DD, we mean a t − (v, k, λ) directed design. A t − (v, k, λ)DD is super-simple if its underlying t − (v, k, (t!)λ) design is super-simple.
In the rest of this paper, we use various types of combinatorial objects such as trade, defining set, group divisible design(GDD), directed group divisible design(DGDD) and pairwise balanced design(PBD), that we review them here.
A set of blocks which is a subset of a unique t − (v, k, λ)DD is said to be a defining set of the directed design. A minimal defining set is a defining set, no proper subset of which is a defining set. A smallest defining set, is a defining set with the smallest cardinality.
A (v, k, t) directed trade of volume s consists of two disjoint collections T 1 and T 2 , each of s blocks, such that every ordered t-tuple of distinct elements of V is covered by precisely the same number of blocks of T 1 as of T 2 . Such a directed trade is usually denoted by T = T 1 − T 2 . Blocks in T 1 (T 2 ) are called the positive (respectively, negative) blocks of T . In a (v, k, t) directed trade, both collections of blocks cover the same set of elements. This set of elements is called the foundation of the trade. In [14] , it has been shown that the minimum volume of a (v, k, t) directed trade is 2 ⌊t/2⌋ and that directed trades of minimum volume and minimum foundation exist. In some parts of this paper, we handle with a special type of directed trade, called a cyclical trade, defined as follows. Defining sets for directed designs are strongly related to trades. This relation is illustrated by the following result. The concept of directed trades and defining sets for directed designs were investigated in articles [13, 14] .
A pairwise balanced design of order v with block sizes k ∈K or PBD(v, K, λ) is a pair (V, B), where V is a v−set, and B is a collection of subsets (called blocks) of V such that if B ∈ B then |B| ∈K and every pair of distinct elements of V appears in precisely λ blocks. A PBD(v, K, 1) is denoted by PBD(v, K).
A group divisible design of order v with block sizes k ∈K or (K, λ)−GDD of type g u1 1 g u2 2 ...g uN N , where u 1 , u 2 , ..., u N are non-negative integers, is a triple (V, G, B), where V is a v−set that is partitioned into parts (called groups) of sizes g 1 , g 2 , ..., g N , and B is a collection of subsets (called blocks) of V such that if B ∈ B then |B| ∈K and every pair of distinct elements of V appears in precisely λ blocks or one group but not in both. A (K, 1)− GDD and ({k}, λ)−GDD are denoted by K−GDD and (k, λ)−GDD, respectively.
One can see deleting one point from a PBD(v, K) gives a K-GDD of type g 
A directed group divisible design (K, λ)−DGDD is a group divisible design in which every block is ordered and each ordered pair formed from distinct elements of different groups occurs is exactly λ blocks. A (K, λ)−DGDD of type (g Some results have been obtained on 2 − (v, k, λ)DDs for special k and λ and their defining set. For example, in [13] , has been proved that if D be a 2−(v, 3, 1)DD, then a defining set of D has at least v 2 blocks. In [11] , it has been shown that for each admissible value of v, there exists a simple 2 − (v, 3, 1)DD whose smallest defining sets have at least a half of the blocks. In [15] , it has been shown that the necessary and sufficient condition for the existence of a super-simple 2 − (v, 4, 1)DD is v ≡ 1 (mod 3) and for these values of v except v = 7, there exists a super-simple 2 − (v, 4, 1)DD whose smallest defining sets have at least a half of the blocks. Also, in [16] , it has been shown that for all v ≡ 1, 5 (mod 10) except v = 5, 15, there exists a super-simple 2 − (v, 5, 1)DD such that their smallest defining sets have at least a half of the blocks. In this paper, we prove that the necessary and sufficient condition for the existence of a super-simple 2 − (v, 4, 2)DD is v ≡ 1 (mod 3) (v ≥ 10) and for these values of v, there exists a super-simple 2 − (v, 4, 2)DD whose their smallest defining sets have at least a half of the blocks. For this goal, we introduce the following quantity 
Recursive Constructions
For some values of v, the existence of super-simple (v, 4, 2)DD will be proved by recursive constructions that we present them in this section for later use.
Construction 1. (Weighting)
. Let (X, G, B) be a super-simple GDD with index λ 1 , and let w : X → Z + {0} be a weight function on X, where Z + is the set of positive integers. Suppose that for each block B ∈ B, there exists a supersimple (k, λ 2 ) − GDD of type {w(x) : x ∈ B}. Then there exists a super-simple
Remark 1. In the above construction, if the master GDD and input designs are directed and for all of them, we have d ≥ 
Obviously, if for master DGDD and for all input designs d ≥ 
Proof. Let (X, G, B) be a group divisible design with blocks of size k ∈ K and groups of size
Replacing each element x ∈ X with α new points {x 1 , x 2 , · · · , x α } and each block B ∈ B of size k ∈ K with a super-simple 4-DGDD of type α k such that its groups are {x 1 , x 2 , · · · , x α : x ∈ X} gives us a super-simple 4-DGDD of type (αg 1 ) u1 (αg 2 ) u2 · · · (αg n ) un . Finally, filling in the holes with a new point ∞ and using a super-simple 2 − (αg i + 1, 4, 2)DDs, we obtain a super-simple
Remark 2. In the above construction, if for master GDD and for all input designs, we have d ≥ should be hold.
Direct Construction
In this section, we construct some super-simple 2 − (v, 4, 2)DDs for some small admissible values of v by direct construction and for these values of v, we show that the parameter d for constructed designs is at least This design has 30 blocks, the first column has 10 disjoint directed trades of volume 2 and the last column is a cyclical trade of volume 10. Since each defining set for this super-simple directed design must contain at least one 4-tuple of each directed trades in first column and five 4-tuples of cyclical trade in second column, then each defining set must contain at least 10+5=15 blocks. So for this super-simple (10, 4, 2)DD, we have d ≥ This design has 52 blocks, each of two columns has 13 disjoint directed trades of volume 2. Since each defining set for this super-simple directed design must contain at least one 4-tuple of each directed trades, then each defining set must contain at least 13 + 13 = 26 blocks. So for this super-simple (13, 4, 2)DD, we have d ≥ (0,5,1,13) (0,11,17,19) (0,1,4,6) (11,10,1,5) (12,11,0,19) (7, 12, 4, 1) This super-simple DGDD has 126 blocks, each of three columns has 21 disjoint directed trades of volume 2. Therefore each defining set for this supersimple DGDD contains at least 21 × 3 = 63 blocks. So d ≥ This super-simple DGDD has 64 blocks, each of two columns has 16 disjoint directed trades of volume 2. So each defining set for this super-simple DGDD must contain at least 16 × 2 = 32 blocks. Then the desired inequality follows.
(1,0,10,3) (0,7,2,5) (0,1,18,11) (3, 0, 14, 9) (1,6,0,7)
This super-simple DGDD has 100 blocks, the first column of this super-simple DGDD contains 20 cyclical trades of volume 3 and the second column has 20 disjoint directed trades of volume 2, so each defining set contains at least Proof. Let the point set be X = Z 9t and the group set be G = {{0, t, 2t, ..., 8t} + i | 0 ≤ i ≤ t − 1}. The base blocks are listed below. All the bellow base blocks are developed by mod 9t. 
Proof of Main Theorem
This section is devoted to find super-simple (v, 4, 2)DDs for some admissible values of v by recursive constructions presented in Section 2 and using supersimple DGDDs obtained in Section 4. First we present some lemmas which are generalized form of the lemmas in [3] to directed designs. Finally, we conclude the main result in the end of this section. we conclude that there exists a super-simple(18m + 3a + 3b + 1, 4, 2)DD. This completes the proof. 
